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A g-ANALOGUE OF THE BIPERIODIC FIBONACCI SEQUENCE 


JOSE L. RAMIREZ AND VICTOR F. SIRVENT 

Abstract. The Fibonacci sequence has been generalized in many ways. One of them is 
defined by the relation tn = atn-i + tn-2 if n is even, = btn-i + tn-2 if n is odd, with 
initial values to = 0 and ti = 1, where a and b are positive integers. This sequence is called 
biperiodic Fibonacci sequence. In this paper, we introduce a g-analogue of this sequence. 
We prove several identities of g-analogues of the Fibonacci sequence. We give algebraic 
and combinatorial proofs. 


1. Introduction 

The Fibonacci numbers are defined by the recurrence relation 

-^0 = 0, El = 1, Fn+l = Fn + Fn-l, 


This sequence and their generalizations have many interesting combinatorial properties 
(cf. [2l])- Many kinds of generalizations of Fibonacci numbers have been presented in the 
literature. In particular, Edson and Yayenie introduced the bi-periodic Fibonacci sequence 
[2U] . For any two positive integers a and b, the bi-periodic Fibonacci sequence, say {tn}nm, 
is determined by: 


( 1 ) 


(atn-i + tn- 2 , if n E 0 (mod 2); 
\btn-i + tn-2, if n = 1 (mod 2); 


These numbers and their generalizations have been studied in several papers; among other 
references, see [ii[ini[ini[2ni[2si[2zi[2si[2a[32]. Yayenie [32] found the following explicit 
formula to bi-periodic Fibonacci numbers 

(2) i„ 'i;V""'"h(a6)l=SiH 

i=0 V * ' 

where ^{n) = n - 2[n/2j, i.e., ^{n) = 0 when n is even and ^{n) = 1 when n is odd. 


There exists several slightly different g-analogues of the Fibonacci sequence, among other 
references, see, [H |6l [71 [121 CSl [IH 113 Cni [13 [H]- In particular, Schur [33 defined the 
following polynomials 
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(3) Do{q) = 0, Di{q) = l, Dn{q) = Dn^i{q) + q^ ‘^Dn- 2 {q)- 


It is clear that Dn{l) = F^- Besides the recurrence formula ([3]), Dn{q) can be calculated 
directly by the following analytic formula (cf. [3l E]) 


(4) 


r 

„ / N ^ 'n-J 

U L J 


where the g-binomial is 


_ (g;g)n 
{Q]q)k{q]qn-k)' 


and 

n-1 

{a-,q)n ■= Yli^-aq^)- 
j=o 

Another way to write the g-binomial is 


'nl _ [n]g\ 

k\ [k]g\[n-k]g\' 


with [n]g = 1 + q + ■■■ + q^ ^ and [n]g\ = [l]g[2]g---[n]g. 


One of the main applications of the polynomial as Dn{q) is the giving alternatives proofs 
of the Rogers-Ramanujan identities; among other references, see m 1 ai El ng [22]. 

A natural question is: What is the g-analogue of the biperiodic sequence? From Dehnition 
(Ej), we introduce a g-analogue of the biperiodic Fibonacci sequence as follows 


(5) Fo(g)=0, Fi(g) = l, Fn{q) 


|aF„-i(g) + g”-2F„_2(g), if n e 0 (mod 2); 
\bFn-i{q) + g”"2Fn-2(g), iin = l (mod 2); 


The hrst few terms are 

0, 1, a, ab + q, a^b + aq + aq^, + abq + abq^ + abq^ + q^,... 

We call this sequence q-biperiodic Fibonacci sequence. It is clear that if a = 6 = 1 we obtain 
the polynomials Dn{q). 

In the present article, we study the g-biperiodic Fibonacci sequence. We obtain new 
recurrence relations, new combinatorial identities and the generating function of the g- 
biperiodic Fibonacci sequence. Finally, we introduce the tilings weighted by bicolored 
squares, then we give several combinatorial proof of some identities. 
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2. Some Identities 

The following theorem gives a g-analogue of the identity ([2]). This is a close formula to 
evaluate the g-biperiodic Fibonacci sequence. Moreover, in TheoremlHwe give a g-analogue 
of a generalization of Cassini’s identity. 

Theorem 1. The following equality holds for any integer 0 : 





'n - I - 
I 



Proof. We proceed by induction on n. The equality clearly holds for n = 0,1. Now suppose 
that the result is true for all i ^n. 


Fn,i{q) = 


n-1 I 
2 


/=0 L 

n-1 
2 

E 


n-1 I 

2 ^^n-l-1 


0 L 




n—2 I 

2 Jr ^-/-2 


1=0 L 




(a6)L"2M + qi^ £ 


n-2 I 

2 - I - 2 


1=0 L 






I I 

L 2 


= 


1=0 L 

n-1 I 

^ Mn-/-F 


I 


+ £ h-^-2 

z=o - 


I 




UO L 


I 


i=i - 


= a 


I I 

z=i L ' 


/-I 


(a6)LtJ-^g('-i)^ 


+g^-^(l - ,^(n))g((^-2)/2)' + g^-i £ 

Ul L 


77, - / - 1 
1-1 




Note that [^J + f.i'n + 1) = [f J and from the well known recurrence of the g-binomial 
coefficient 


n 

J. 


- n'^~^ 


n - 1 
j'- 1, 


'n - Y 

5 

] J 


( 6 ) 
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we get 

Fn+i(q) = ( (a6)LtJ + g^(l - ^(n 


))- E 

«=l ''L 


n - I - 1 
I 


n - I - 1 
1-1 


^n-2l 


J(a 6 )^ 


- \-l 
2 J 


L-Jrn-/ 


= (a6)l^ 2 J + ^"4 (1 - ^(n)) + ^ (a6)l^2J 


i=l L 




LfJr 


Z=0 L 


E C4)i 


-2jV- 


□ 


Note that if we consider the limit when q tends to 1 in above Theorem we obtain the 
identity (E]). 

Corollary 2 (Andrews, [3]). The following equality holds for any integer n ^ 0 : 


£>n(<()= E 

1=0 L 


2 ^^n-l-1 
I 


Now, we are going to prove a g-analogue of this Fibonacci identity: 

Fm-lFm+k - Fm+k~lFm = 

We follow the ideas of Andrews and et. al |S]. We need the auxiliary sequence Fn(q) 
dehned by 


(7) Fo(g) = l, Fi(g)=0, FM = 


'aFn-i{q) + q^-‘^Fn- 2 iq), if n = 0 (mod 2); 
bFn-i{q) + q^-‘^Fn- 2 {,q), iin = l (mod 2), 


where n ^ 2. The hrst few terms are 

1, 0, 1, b, ab + g^, + bq^ + bq^, afb'^ + abq^ + abq^ + abq^ + g®. 

Theorem 3. The following equality holds for any integer 1 


Fn{q) = b^^^^ ^ 


n—2 I 

2 I - 2 


1=0 L 


I 




Proof. The proof runs like in Theorem [H 

Theorem 4. The following equality holds for integers 0 and 1, 

( 8 ) Fn(q)Fn+k(q) - Fn+kiq)Fn(q) 

- 1 - j' 


□ 


j=o L J 


[%iJ+^(fc+l)^(n+l)-j^[^J+5(fc+l)C(n)-J^A+nJ 
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Proof. Let gn,k be the right side of ([8]) and fn,k be the left side of ([8]). Sequences {gn,k} and 
{/n,fc} satisfy the same recurrence and the same initial conditions. We are going to prove 
that the sequence {gn,k} satishes the recurrence gn,k - g^^k-i = gn,k- 2 - 

In fact, 




Vi-ovL j 


i[^\+ak+mn+i)-jif^\+ak+mn)-j 


k-2-j 

j 




\i=o L J 


[^J+«(fc)+«(fc+l)«(n+l)-i^[i^J+?(fc)+C(fc+l)C(n)-i 


k-2-j 




(-i)N®(e([ 


i=o 

k-2 


j=o 


k-l-j 

j 

k-2-j 


k-2-j] 

j 


- i-1 - 


k-2 r 


= (-!)»,(■)E 

j=0L J J- . 


(-l)nqCP+n+k-2^'£ ^ ^ 3 
i=o L i 


[^\+i(k)+i(k+l)i(n+l)-jlf!^\+^(k)+i(k+l)i(n)-j^p+nj 
J_^\+ak)+i(k+m(n+l)-l-jl)[^\+ak)+ak+m(n)-l-jq(j+lP+n+k-2 


_ ^n+k-2^ 

- Q gn,k~2- 


On the other hand, 

fn,k ~ Ffi(^Q^Fyi+}^(^Q'^ — 

-^ 71 ( 9 ) FYi+k(^Q^ 

Fniq) + q^^^-^Fn^k-2 

Then the Equation (|8]) follows. 


□ 


In particular, if A: = 1 

(9) FMFn.iiq) - Fn,i{q)FM = (-l)-ig(2). 

If a = 6 = 1 we obtain the the following corollary. 


d+nj 
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Corollary 5 (Andrews and et al. [5]). The following equality holds for integers 0 and 

k^l, 


( 10 ) 


k-1 r 


Fn{q)Fn^k{q) - FnMFniq) = ^ 


j=0 L 


k-l-j 

j 




3. Generating Function 


Edson and Yeyenie [20] found the generating function to the biperiodic Fibonacci sequence: 


( 11 ) 


oo 


:= Y, tnX^ 
n-O 


x(l + ax - x^) 

1 - (ab + 2 )x‘^ + x"^' 


In this section we follow the ideas of Andrews [3] to hnd a g-analogue of ffTTj) . The Fibonacci 
operator ?] was introduced by Andrews [3] by rjf^x) = f{qx). Moreover, we dehne the 
operator r ]2 by ri 2 f{x) = {qxY f{qx). 


Theorem 6. The generating function for the q-hiperiodic Fibonacci sequence is 

oo 1 

(12) >V(x) := Y Fn{q)x'^ = -— -^ (x + (a - b)xf{x )), 

^0 1 -bx- X^T] 

where 1/(1 - - x'^rf) is the inverse operator of 1-bx- x'^rj, and 


(13) 


f(x) := £F2„-i(g) 


X 


2n-l 


n=l 


1 - abx"^ - (1 + llq)x‘^r] + x‘^ri2 


(x - x^). 


Proof. We begin with the formal power series representation of the generating function for 

{fon(g)}„£N’ 

>V(x) = Fo(g) + Fi{q)x + F 2 {q)x^ + ■■• + Fk{q)x^ + ■■■. 


Note that 

oo 

6x>V(x) = Y bFn-i(q)x'^, 

n=l 

oo 

x‘^r]W{x) = Y Fn-2{q)q"'~^x'^. 

n=2 

Since F 2 fc+i(g) = bF 2 k + q‘^’^-^F 2 k-i, we get 


(1 - bx - x‘^r])W{x) = x+ YiF2n{q) - bF2n-i{q) - q^'^ F2n-2{q))x^'^. 

n=l 

Since F 2 k{q) = aF 2 k-i + q^^-‘^F 2 k- 2 , we get 

oo 

(1 - fex - x‘^r])yV{x) = x + {a-b)Y F2n-iiq)x‘^"' = x + (a - b)xf{x). 

n=\ 
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Then Equation flT^ is clear. 

On the other hand, 

F2n+i{q) = bF2n{q) + F2n-i{q) 

= h{aF2n-i{q) + q^^-^F2n-2{q)) + q^^-^F2n-i{q) 

= {ah+q^^^^)F 2 n-i{q) + bq‘^^~‘^ F 2 n- 2 iq) 

= {ab + q^^-^)F 2 n-l{q) + - g'"-'E2n-3(g)) 

= (afo+ g2-i(l + llq))F2n-i{q)-q^^-^F2n-M- 

Then 


(1 - abx^ “ (1 + llq)x‘^r] + x‘^r] 2 )f{x) = x + F^{q)x^ - abx^ ~ (1 + llq)qx^ = x - x^. 
Therefore Equation flT^ is obtained. □ 

If a = 6 = 1 we obtain the following corollary 

Corollary 7 (Andrews, [3]). The generating function for the q-Fibonacci polynomials is 

OO rp 

E Fn{q)x'^ = Z - 

n=0 X // 

Lemma 8. The following equality holds for any integer n^O. 

'n 


(14) 


{bx + x‘^ri)"'x = E b'^ ^x^q- 

j=0 


,3 


LjJ 


Proof. We proceed by induction on n. The equality clearly holds for n = 0. Now suppose 
that the result is true for all i ^n. 


{bx + x^pY^^x = {bx + x‘^rf){bx + x‘^r]Yx = {bx + E b"' ^x^q^^ 


= bx^^^ E b'^-^x^q^' 

3=0 


n 


LjJ 


3=0 

n 

+ x^^^ E 

3=0 


n 

LiJ 


n 

13. 


= bx 


n+2 


\j>0 'LJ. 


+ q 


.n+l-j 


\j>o 


3 

n + 1 

L j J 


n 

Li - iJ 


Then the Equation (1T4)1 follows. 


□ 


Theorem 9. The generating function for the q-biperiodic Fibonacci sequence can be ex¬ 
pressed as 

°° °° nPq-‘^j + 3 

E Fn{q)x^ = E (1 + (« - b)f{x)) ^ . 

77=0 j=o 


( 16 ) 
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Proof. From Theorem [6] and Lemma [8] we have 

1 


E FnM 


X 


n=0 


-{x + {a-b)xf{x)) 

1- OX - X^T] 

oo 

= Y^{bx + x‘^T])'^{x + (a - b)xf{x)) 

n=0 

OO oo 

= ^ {bx + x^viYx + (a-b)'^ (bx + x‘^rj)'^xf{x) 

n=0 n=0 


= E E 

n=0 j^O 

oo n 

= E E 


n=0J=0 


n 

LJJ 

n 

LjJ 


+ (a - fe) x; E 


n=0 7=0 

oo n 

+ («-&) E E 

n^O j=0 


n 

Li. 


n 

LJJ 


= E» 


,n^n+l+2J j" 


E 


n,7>0 

From the g-analogue of the binomial series 

'n + i 

i=0 - * 

we obtain 

oo oo 1 

2 Fn{q)x'^ = 

n=0 


n + f 

+ (a - b) ^ 5 »^a;"’+i+ 2 igi^ 

'n + f 

- j - 

nj>0 

- j - 


.f{x) 

fix) 

fix) 


X = 


ix;q)n+i ’ 


j=0 


ibx-,q)j+i 


+ (a - 6) ^ x^-'' "q- 


2.7+1 

j=o (^a;; q)j^i 


fix). 


□ 


Corollary 10 (Andrews, [3j). The generating function for the q-Fibonacci polynomials is 


(16) 


E DnMx" = E 




n=0 


j=o ix] ?)j+l 


4. Combinatorial Interpretation 

The Fibonacci nnmbers F^+i can be interpreted as the nnmber of tilings of a board of length 
n (n-board) with cells labelled 1 to n from left to right with only sqnares and dominoes 
(cf. |9]). This interpretation has been nsed to give a combinatorial interpretation of the 
g-Fibonacci polynomials and similar recnrrent polynomials, see, for instance [81E1E51I261 
EH. In this section, we nse tilings weighted by bicolored sqnares to give a combinatorial 
interpretation of the g-biperiodic Fibonacci seqnence. We define a tiling weighted by 
bicolored sqnares as a tiling of a n-board by colored sqnares and non-colored dominoes, 
snch that if the sqnare has an odd position then there are a different colors to choose for 
the sqnare. If the sqnare has an even position then there are b different colors to choose 
for the sqnare. Moreover, if a domino covering the Tth bonndary receives weight g* (by 
Ah bonndary, we mean the bonndary between cells i and z + 1, l^z^n-1). Let %i 
denote the set of all n-tilings, we shall show Theorem [TT] that the biperiodic Fibonacci 
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sequence Fn+i(q) counts the number of tilings weighted by bicolored squares of a n-board. 
Specihcally, we have 

Fn+i{q) = E 

TgTu 

where \T\a (Irlh) is the sum of all i such that T has a square in an odd position i (even 
position i), and |T| is the sum of all i such that T has a domino in position {i,i + 1). 

For example, in Figured] we show the different ways to tiling a 4-board. Then it is clear 
that F^{q) = + abq + ahq^ + abq^ + 


a 

b 

a 

b 


a 

b 









q^ 

a 


b 

abq^ 


a 

b 


abq^ 


abq 


q 


9 


3 


Figure 1. Different ways to tile 4-boards. 


Theorem 11. Forn ^ 0, Fn+i{q) counts the number of tilings weighted by bicolored squares 
of a n-board. 

Proof. Given T e Tn. If n is even and T ends with a domino, there are q'^~^Fn-i{q) ways 
to tile the board, and if T ends with a square, there are bFn{q) ways to tile the n-board. 
Analogously, if n is odd we get F„+i(g) = aFn{q) + Moreover, it is clear that the 

initial values are 1 and a. □ 

Let g{n,k) be the number of tilings weighted by bicolored squares having n tiles and k 
dominoes. Then 


g{n, k) = g”’^^ - 1, /c - 1) + 

In fact, if the n + A:-board ends in a domino, the domino contributes to the weight. 

Then, there are q'^'^^~^g(n - 1, A: - 1) ways to tile the board. If the last tile is a square there 
are a^d+k)i}i-i(n+k)_ x,A:) ways to tile the board. Let 


h{n,k) 





The sequence h{n,k) satisfies the same recurrence of g{n,k). In fact. 
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- 1, - 1) + - 1, k) 

'n-1 


= q 


^a' 


_ ^n+k-1 I ^^(n+k) ^(k—1) 


_ qk^+n~k^^(n+k) 


_ qk^+n-k^^(n+k) 


_ qk^+n-k^^(n+k) 


_ ^^(n+k)^k^ I ^n-k 


- Qi{n+k)^k^ 


q 

n-1 

k-1 

n-1 

k-1 

n-1 

k-1 
n-1 
k-1 

k 


k-1 


(ab)^ 

(ab)^ 

(ab)^ 


+ a^(n+k)^i-an+k)^an+k-i)^k^\^ 

/ Ik] 

(a6)^- 




2 J + fjl g(n+fc+l)^fc 


n-1 

k 

n-1 


k 


I JT' — fc I 

2 J 


2 J + 


n-1 

k 




n - 1 
k 


(a6)i' 


{ab)^’" 2 '°\ = h{n, k). 


Moreover, they satisfy the same initial conditions. Therefore, we have the following lemma. 

Lemma 12. The number of tilings weighted by bicolored squares having n tiles and k 
dominoes is 




(ab)^ 


n—k I 

2 J 


Now, we will give a combinatorial proof of Theorem [H i.e.. 


F„,i(9) = a«">E 




1=0 L 


l 


{ab)^ 


- \-i i'^ 
2i q , 


Combinatorial Proof of TheoremUl From Theorem fTTl Fn+i{q) counts the number of tilings 
weighted by bicolored squares of a n-board. On the other hand, let I be the number of 
dominoes in the tiling of a n-board. Then there are n-2l squares. Such a tiling with n - I 
tiles, exactly I of which are dominoes is 

'n - r 
I 

Summing over all possible I gives the identity. 




(ab)^ 




4.1. Additional Identities. In this section, we prove several g-analogues of Fibonacci 
identities using tilings weighted by bicolored squares. 

Theorem 13. The following equality holds for any integer n ^ 0 : 

n+1 

(17) '£ = F^n+3(g) - 

k=l 

Proof. There exists F„+ 3 (g) - tilings weighted by bicolored squares of a n + 2- 

board with at least one domino. On the other hand, consider the location of the last 
domino, say position {k,k + 1). This domino contributes a q^ to the weight, all tiles to 
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the right are squares and contribute (it depends of the parity of the numbers k and n) an 

to the weight. Moreover, there are Fk{q) ways to tile the 
left side {k - 1-board). Summing over all possible k gives the identity. □ 

Note that if we consider the limit when q tends to 1 in above theorem we obtain the new 
identity 

n+1 

fc=l 

Equation flTT)) is a g-analogue of the following Fibonacci identity ([21]): 

n 

'^Fk = Fn+2 - 1 - 

k=0 

The following theorem is a g-analogue of the Fibonacci identity ( [24] 1: 

n 

XI -^2fc = F2n+l ■ 

k=0 

Theorem 14. The following equality holds for any integer n ^ 0 : 

n 

(18) aYF2kAq)q^"^^-^^"^^^ = F2n^2{q). 

k=0 

Proof. There exists F 2 n+ 2 {(l) tilings weighted by bicolored squares of a 2n + 1-board. On 
the other hand, consider the location of the last square, say position k. Since the length 
of the board is odd then k is odd and it contributes an a to the weight. The dominoes to 
the right contributes a g(fc+i)+(fc+3)+"-+(2n) _ gn +n-(k -i)/4 weight. Moreover, there are 

Fk{q) ways to tile the left side {k - 1-board). Summing over all possible odd k gives the 
identity. □ 

If we consider the limit when q tends to 1 in above theorem we obtain the identity 

n 

a E ^2fc+l - ^2n+2- 

We need the following shifted g-biperiodic Fibonacci sequence. 


Fl,^\q)=Q, F[^\q) = l, 

\ if ’T, = 0 (mod 2); 

^ 1 ai- 5 (s+i)^ 5 (s+i)^j^)^(g) + if n = 1 (mod 2); 


A tiling of a n-board is breakable at cell k, if the tiling can be decomposed into two tilings, 
one covering cells 1 through k and the other covering cells k + 1 through n. Moreover, a 
tiling of a n-board is unbreakable at cell fc if a domino occupies cell k and k + 1 (cf. [9]). 
It is not difficult to show that F^^J^{q) counts the latter position of the tilings weighted by 
bicolored squares of a n + s - 1-board that can be breakable at cell s. 
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Theorem 15. The following equality holds for any integers n,m^ 0 '■ 

(19) Fn+rn+l{q') — Fm+1 

Proof. There exists T’n+m+i(i?) tilings weighted by bicolored squares of a n + m-board. On 
the other hand, we will consider two cases. If a n + m-tiling is breakable at cell m, we have 
ways to tile a m-board (left side) and F^f^^(q) ways to tile the n-board (right side). 
If a n + m-tiling is unbreakable at cell m then there is a domino in position (m,m + 1). It 
contributes a to the weight. Moreover, there are Fm{q) ways to tile am - 1-board (left 
side) and F^^^\q) ways to tile the n - 1-board (right side). □ 


The above theorem is a g-analogue of the Fibonacci identity ( |24j ): 


Fm+n — F^fiFn + F^—i Fn-1. 

The following theorem is a g-analogue of the biperiodic Fibonacci identity (see Theorem 7 
of [201): 


X! = t2n- 

k=0 


Theorem 16. The following equality holds for any integer 0 : 


( 20 ) 


It 


fc=l 




Proof. There exists F 2 n(g) tilings weighted by bicolored squares of a 2n- 1-board. On the 
other hand, note that a. 2n- l-tiling have to include at least n tiles, and one of them if a 
square. If a 2n - l-tiling have k squares and n - k dominoes among the hrst n tiles, then 
by Lemma [12] there are 




n 

n-k 


(a&)(2J = 


kf 


(a6)H 


ways to tile this board. The remainder right board has length k-1 and can be tile ^\q) 
ways. □ 


Theorem 17. The following equality holds for any integer n ^ 0 : 


( 21 ) 


F2n+2{,q) = a 


n n 

2=0 j = 0 


'n-f 

'n -1 

i 

- 3 - 



Proof. There exists F 2 n+ 2 {q) tilings weighted by bicolored squares of a 2n + 1-board. On 
the other hand, note that a 2n + l-tiling have an odd number of squares, then there is 
a square such that the number of squares to the left side of it is equal to the number of 
squares of the right side. This square is called median square and it contributes an a to 
the weight. We will count the number of tilings contain exactly i dominoes to the left of 
the median square and exactly j dominoes to the right of the median square. A tiling of 
a 2n + 1-board with i + j dominoes have 2n + l - 2i- 2j squares, then there are n - i - j 
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squares on each side of the median square. Since the left side has n- j tiles i of which are 
dominoes, then there are 




n-j 

i 


I I 
{ab)\-—\ 


ways to tile this board. Analogously, the right side can be tile by 


q(n+i+l)j 



ways. 

The above theorem is a g-analogue of the Fibonacci identity ( |24] ) 


□ 


A A /n - i 
j 


)(•;’) 


= A 


2n+l • 


5. Open Questions 

We lead the following open questions about g-biperiodic Fibonacci sequence. 

Schur [301 proved that 

where Doo = hm„_^oo Dn(q). Is there any analogue to Foo{q), where = lim^^^tx. Fn{q)"! 
The following is one of the Rogers-Ramanujan identities: 


q 


= (-irg-(2)F;_2(g)n 




{-irq<l)Dm-2{q)Y\ 




where En{q) is the sequence dehned as En(q) = En-i(q) + ‘^En- 2 {,q), with the initial 

conditions Eo(q) = l,Ei(q) = 0. Is there a similar identity that involves the sequences 
En{q) and Ai(g)? 


Andrews [2] proved that 


Dn+i{q) = 


^ (-l)'^gA5i+l)/2 

j=-oo 



Is there any analogue identity to the sequence En{q)l 
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